UNIQUENESS OF GENERATING HAMILTONIANS 
FOR CONTINUOUS HAMILTONIAN FLOWS 
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Abstract. We prove that a continuous Hamiltonian flow as de- 
fined by Oh and Miiller |OMj . has a unique L*- 1 ' 00 ) generating 
Hamiltonian. This answers a question raised by Oh and Miiller 
in |OM| , and improves a result of Viterbo jV] . 

I. Introduction 

Let (M, u) be a symplectic manifold, which is closed and connected. 

Throughout the paper we assume that all Hamiltonians are nor- 
malized in the following way: given a time dependent Hamiltonian 
H : [0, 1] X M — >• K we require that j M H(t, x)u n = 0, Vt G [0, 1]. For 
a given open subset U C M, we denote by Ham;y(M, cu) the set of 
all time-1 maps of smooth Hamiltonian flows that coincide with the 
identity flow on M \ U. 

We denote by PHam(M, uj) the space of smooth Hamiltonian flows. 
Clearly, given $* G PHam(M, u), there exists a unique normalized 
Hamiltonian H, that generates the flow $*. The main purpose of this 
paper is to prove the above uniqueness result for Hamiltonian genera- 
tors of topological Hamiltonian paths, as defined in |OM] . This "unique- 
ness of generating Hamiltonians" turns out to be essential to extending 
various constructions on spaces Ham(M,uj) and PHam(M,u), to the 
case of continuous Hamiltonian flows [Oh-lj . 

The study of continuous symplectic geometry began with the cel- 
ebrated Gromov-Eliashberg rigidity theorem, which states that the 
group Symp(M, u) of symplectomorphisms of (M,u) is C° closed in 
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the group of diffeomorphisms of M. This theorem motivates the fol- 
lowing definition of symplectic homeomorphisms. The group of sym- 
plectic homeomorphisms Sympeo(M, u) is defined as the C° closure of 
Symp(M, to) in the group of homeomorphisms of M. Extending the 
notion of Hamiltonian flows turns out to be more complicated. 

In [OMj . Oh and Miiller introduce the notions of topological Hamil- 
tonian paths (or continuous Hamiltonian flows) , and Hamiltonian home- 
omorphisms. By definition, a continuous path of homeomorphisms 
$* : M — > R is called a continuous Hamiltonian flow, generated by 
H G L^'°°\[0, 1] X M) , if there exists a sequence of smooth Hamil- 
tonian flows, with generating Hamiltonians Hi G C°°([0, 1] x M), 
such that 

¥ = (C°) lim & H ., 

H = (L^) lim H u 

that is, the first convergence is in the uniform topology, and the second 
convergence is in the Z/ 1 ' 00 ) topology The Z/ 1,oc ) norm, also known as 
the Hofer |HZ] norm of a Hamiltonian is defined as 

11-^11 (i,oo) — / (maxK(t, x) — min K(t, x)) dt. 
Jo x x 

We denote by PHameo(M, u) the space of all pairs ($*, H) of a con- 
tinuous Hamiltonian flow <3>* and a Z/ 1,0 °) Hamiltonian ZZ, that gener- 
ates $*. 

The space Hameo(M, u) of Hamiltonian homeomorphisms is defined 
to be the set of all time-1 maps of continuous Hamiltonian flows. 

Question 1. Does a continuous Hamiltonian flow $* have a unique 
generating Hamiltonian? In other words, assume we have two (smooth) 
sequences ($^.,ZZj), ($^-.,ZTj) G PHam(M, u) satisfying 

(C°)\im¥ Hi = (C°)\im¥ Ki = ¥, 

(L^) lim Hi = H, 

(L^) lim Ki = K. 
Does this imply K = H, as Z/ 1 ' 00 ) functions? 

This question was raised by Oh and Miiller [OMj . The goal of this 
paper is to give an affirmative answer to the above question. 

Going back to the case of smooth Hamiltonian flows, for given & K G 
PHam(M, u), generated by smooth Hamiltonians H,K, we have the 
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following well known formulae for the Hamiltonian functions of a com- 
position of flows and an inverse of a flow: 

¥ H o¥ K = ¥ G , where G = H#K(t,x) := H(t,x) + K(t, 

(Q^)- 1 = $*p where H(t,x) := -H(t, & H (x)). 

It was shown by Oh and Miiller [OMj that these operations admit 
a natural generalization to the space PHameo(M, u). It follows that 
given two pairs H), ($*, K) G PHameo(M, u) with common con- 
tinuous Hamiltonian flow, we get the identity flow Id* = o $* 
generated by the Hamiltonian 

H#K(t, x) = -H(t, + K(t, $*(z)). 

Hence, question [1] simplifies to: 

Question 2. Assume we have a sequence of smooth Hamiltonian paths 
(& H ., Hi) e PHam(M, u) satisfying (C°) lim & H . = Id* and (L (1 '°°)) lim Hi = 
H . Does this imply H = 0, as an L^ 1 ' 00 ^ function? 

In [V], Viterbo gives an affirmative answer to the above question 
assuming (C°) lim if j = H. Note that (C°) lim Hi = H implies 

(L^) lim Hi = H. 

The methods employed in this paper are very different than those used 
in [Vj. 

Section [2] contains the statement of our main result and a formu- 
lation of a sequence of lemmata, that are used in its proof. In Sec- 
tion [3] we present the proof of the main result. Section 0] studies the 
local uniqueness for Z^ 1 ' 00 ) Hamiltonians and for continuous Hamilton- 
ian flows. Here we state and prove the generalization of Theorem 1.3 
from |Oh-2j . to the L^ 1,0 °^ case. We derive two consequences of this 
local uniqueness result. First, on any closed symplectic manifold we 
construct an example of a continuous function, that fails to be a genera- 
tor of any continuous Hamiltonian flow. Second, we give an example of 
a continuous flow on any closed 2-dimensional surface, which is the C° 
limit of smooth Hamiltonian flows, but is not a continuous Hamiltonian 
flow. 

Remark 3. All the results in the present paper can be directly gener- 
alized to the case of an open symplectic manifold (M,u), where in this 
case we consider the space of compactly supported continuous Hamilton- 
ian flows, or equivalently, the space of compactly supported topological 
Hamiltonian paths (see |OM| for the definition) . 
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2. Main result 

In this section we present our main result. 
Here's our answer to Question [2] : 

Theorem 4. Denote by Id* : M — >• M the identity flow. If we have 
H G L^flO.l] x M), such that (Id*, if) G PHamco(Af», then we 
have H = in L^°°^([0, 1] x M). 

We will use the following definition in our proof. 

Definition 5. (Null Hamiltonians) Define 



this is the space of null Hamiltonians. 

%q = {if G "Ho I if is time independent} . 

Since the space H-o consists of time-independent null Hamiltonians, 
we identify it with a subspace ofC(M). 

We divide the proof of Theorem H] into a sequence of lemmata. 
Lemma [6] is the smooth case of Theorem HI It has been proven in 
the past, see e.g. [OM] or [HZ] . 

Lemma 6. IfHeH n C°°([0, 1] x M), then for all t G [0, 1] we have 
H(t,x) = 0. 

Lemma 7. The spaces Ho,H'o have the following properties: 

(1) Ho is closed under the sum operation and the minus operation. 
In other words, if if, K G Ho, then —H, H + K G %q. 

(2) Ho is closed in i/ 1 - 00 ) topology. Hq is closed in C° -topology. 

(3) If if G Ho, then for any smooth increasing function a : [0, 1] — > 
[0,1] the Hamiltonian K(t,x) = a'(t)H(a(t),x) belongs to Ho 
as well. 

(4) H.q is a vector space over M.. 

(5) If H G Hq, then for any $ G Symp(M, u) we have $*if = 
if o$ G Hff. 

Lemma 8. (Lebesgue's differentiation theorem) Let Hi G C([0, 1] x 
M) be a sequence converging in the Z^ 1 ' 00 ) topology to a function if G 
L^°°)([0,1] x M) . Then H can be represented by a function H : 
[0, 1] X M — > R (we use the same notation for the function as well), 
such that for any t G [0, 1] we have H(t, •) G C(M). Moreover, almost 
everywhere in t G [0, 1) we have 



Ho — {if G L (1,oo) ([0,l] x M) | (Id*, if) G PHameo(M,w)}, 



lim — 

h^0+ h 
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Lemma 9. Let H £ "Ho? one? denote by the same notation H its func- 
tional representative, as in LemmalBl Then for almost any t £ [0, 1], 
the time-independent Hamiltonian h(x) = H(t,x) lies inside 

Lemma 10. If H £ then H = 0. 

3. PROOFS 

Proof of Lemma Assume for a contradiction, that H is not con- 
stantly zero. Let $^ denote the flow of H. Since H is not constantly 
zero we conclude that is not the identity map, for some T £ [0, 1]. 

Since (Id*, if) £ PHameo(M, to), there exists a smooth sequence 
(¥ H .,Hi) £ PHam(M,u;) which converges to (Id*, if). This implies 
that o §Jj C° converges to Pick a point x £ M such that 

^Jj{x) 7^ x. There exists a small open neighborhood, [/ of x, which is 
displaced by {QjiJ -1 ° &h , for i large enough. The energy-capacity 
inequality jH], implies that the Hofer norm of ) _1 o $^ is bounded 
below by a positive constant, e(U). But this norm is bounded from 
above by \\L%#H || (li0o) = || -#,(£,$*,») + ^(x))|| (1)0o) = 
|| — ifj + (i.oo), which contradicts the Z/ 1 ' 00 ) convergence of Hi to 
if. □ 

Proof of Lemma [7| 

(1) : If (A*, if ), (/i*, fi") £ PHameo(M, w), then the composition of 
the pairs, (A* o rf^H^K), and the inverse flow ((A*)" 1 ,//) are also in 
PHameo(M,w) [OM]. Since A* = // = Id*, we have = if + 
K, H = -H. 

(2) : This is clear from the definition of 7f an d of Hq. 

(3) : If $g is a smooth Hamiltonian flow generated by G, then its 
reparameterized flow $q is generated by L(t,x) = a'(t)G(a(t),x). 
If we assume that if £ 7f , then there exists a sequence Hi(t,x) 
of smooth Hamiltonians, such that we have (C°)lim$ f ffi = Id*, and 

(L^ 1 ' 00 )) lim if, = if. Then the reparameterized flows $^ are gener- 
ated by Ki(t,x) = a'(t)Hi(a(t),x). It is clear, that 

(C°) lim^. = (C°) lim$^ = Id*, 

and also 

(L^jHmifj^i) = (L^)) hm c/^if^o^x) = a'{t)H{a(t), x). 

Therefore K{t,x) = a'(t)H(a(t),x) £ Tfo- 

(4) : This follows from the previous results. Suppose H £ "Hq* with 
the Hamiltonian flow $*. For any < a < 1, apply (3) with = at 
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to obtain that aH G Ho and hence aH G Hq- Then, the case of general 
aGl follows from (1). 

(5): In the smooth case, if H generates the Hamiltonian flow $*, then 
ty*H generates the Hamiltonian flow \l/ _1( l )<1 3/. This property extends 
to topological Hamiltonian flows |OMj . and hence the result follows. 

□ 

Proof of Lemma We think of each Hi as a continuous path t H- 
Hi(t,-) in the Banach space L°°(M). The images of these paths are 
contained in the subspace C(M) C L°°(M). The sequence of paths 
Hi converges to H in the L 1 norm, or equivalently the sequence of 
functions \\Hi(t, •) — H(t, ^Woo '■ [0, 1] | — > K, L l converges to zero. It is 
well known that every L 1 converging sequence of functions has a subse- 
quence which converges almost everywhere, see [Fj. So we may assume 
that, for almost every t G [0, 1] the sequence \\Hi(t, •) — H(t, -)\\oo con- 
verges to 0. This implies that H(t, •) G C(M) for almost every t G [0, 1]. 
By changing the function H(t,-) to coincide with a continuous function 
for other values of t, we obtain H(t, ■) G C(M) for all t G [0, 1]. 

The second part of the theorem is a reformulation of Lebesgue's dif- 
ferentiation theorem for L 1 maps from [0,1] to the Banach space C(M). 
The functions Hi are continuous and hence they satisfy 

I rt+h 

lim - / \\H t (s r )-Hi(t r )\\ oo ds = 

for all t G [0,1). 

Denote Fi = H — Hi. Then for t G [0, 1) we have 

I rt+h 

lim sup - / \\H(s, •) - H(t, OIU^js 
/i^o+ h Jt 



^(limsup^ / \\Fi(s, ■) - Fi(t, -)||oods ] + ( lim sup - / \\Hi(s, •) - ^(t, •) \\oods J 
V /i->o+ ft ./* / V ft^o+ ft 7t / 

= limsup- / ||Fj(s, •) - -)||oo^ 
ft,->-o+ ft 



^limsup- / -)||oo + Olloods 

j rt+h 

= \\Fi(t, ^Hoo + limsup- / ||Fi(s,-)||oods- 
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Denote fi(t) := \\Fi(t, -)||c») we have /, G L x ([0, 1]). By the standard 
Lebesgue differentiation theorem, for any i, we have 

-t+h 



h->-0+ h 

or 

xt+h 



lin \ T / fi( S ) ds = 
i->0+ ft, J t 



lim - / \\Fi(s, OHooda = II^H*, 



for almost every i G [0, 1). Therefore for any i we have 



t+h 



1 

for almost every t G [0, 1) 



lim sup - / (s, •) - if(t, -)||ooda < VM = 2||F i (t, 



The sequence of functions, fi(t), L 1 converges to zero. Every L l con- 
verging sequence has a subsequence that converges almost everywhere. 
Hence, by passing to a subsequence we may assume fi(t) converges to 
zero for almost every t G [0, 1). 

□ 

Proof of Lemma Because of Lemma El H can be represented by a 
function H : [0, 1] x M — > R, such that for any t G [0, 1), the function 
H(t, •) G C(M) is continuous, and moreover for almost any t G [0, 1) 
we have 

lim-/ \\H{s,-)-H{t,-)\\ oo ds = 0. 
h^o+ h J t 

Consider such a value oft G [0, 1). Take JVeN large enough. Applying 
Lemma (3) for a(s) = t + 4?, we obtain a Hamiltonian Gn(s,x) = 
jjH(t + G Ho- Applying Lemma (1), we get H N (s,x) = 

NG N (s,x) = H(t + jj,x) G Hq. Denote h{x) = H(t,x) for x G M. We 
have 

||^jv(s, •) - MOIIoods = iV / ||fT(r, •) - (t, Ollocdr ^tv^oo 0, 



o Jt 
where we made the substitution r = t + 4r. Therefore, because of 
Lemma d (2), we have h G Ho, and being time-independent, h G 
H$. □ 

Proof of Lemma [70l Let if G "Hq*, an< ^ assume by contradiction that 
if is a non-zero function. Let us show, that then there exists a non- 
zero function h(x) G D C°°(M). First, there exists a point in M 
such that H is not constant in any neighborhood of it (otherwise H is 
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locally constant, and since M is connected, if is a constant function). 
Take such a point Xo, and consider an open neighborhood x$ £ U, such 
that U £ M is moreover a Darboux chart. Take y £ [/, such that 
H(xq) 7^ H(y ). There exists $ £ Hamy(M, w), such that $(x ) = yo- 
Define K = H o $ - H. Then ii~ £ Htf, because of Lemma (4), (5). 
Moreover K is a non-zero function, and supp(J^) C U. Consider the 
C° - closure £ of the linear span of all functions of the form <&*K, where 
$ £ Ham c/ (M,w). In view of Lemma \7\ (2), (4), (5), we have £ C Tiff. 
Let us show, that £ contains a non-constant smooth function. Since 
U is a Darboux neighborhood, and the latter statement has a local 
nature, we can further assume, that U C (R 2n , u st( j), and moreover 
we have K : U — > R with K 0, and moreover X = near <9£7. 
Extend as a function : R 2n — )■ R by outside U. In this new 
situation, where we replaced the manifold M by R 2n , we keep the 
notation £ for the C° - closure of the linear span of all functions of 
the form $*K, where $ £ Ham [ /(R 2n , u std ). For v £ R 2n , we denote 
K v (x) = K(x — v). Let us show, that when the norm ||t> || is small 
enough, we have K v £ £. Take a neighborhood W of supp(X), such 
that W C U. Pick a function : R 2n -> R, such that supp(0) C Z7 
and moreover </> = 1 on VT. For any u £ R 2n define a Hamiltonian 
G w : R 2n ^ R as G v (x) = u std {v,x)(j>{x) for x £ R 2n . Then, for small 
||i>||, the time one map of its Hamiltonian flow coincides on supp(if) 
with the translation x H- x + v. Therefore we will have K v = {&q) K, 
and hence K v £ £. Here we denote by the Hamiltonian flow of 
G v , for t £ R. 

Therefore we have shown, that K v £ £ for small ||t> ||. As a con- 
clusion, we have that for a smooth function \ with support lying in 
a sufficiently small neighborhood of 0, we have that the convolution 
K * x lies in £ as well. We see this from the fact, that K * \ is a 
C° limit of a sequence of finite sums Yl^i c kKv k , coming from the ap- 
proximation of the Riemann integral by Riemann sums. But of course, 
the function K * \ is smooth, provided that the function x is smooth. 
Moreover, K is a non-zero function on U. Choose a sequence \k of 
smooth mollifiers approximating the 5$ - function, having sufficiently 
small supports. Then we have K * \k — > K in the C° topology, and 
hence the function K * Xk is a non-zero function too when k is large. 
This shows, that £ contains a non-zero smooth function. Therefore 
we conclude, that the space H^f R C°°(M) contains a non-zero smooth 
function, what contradicts Lemma [6j 

□ 
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Proof of Theorem^ Assume that H G L^'°°\[0, 1] x M), such that 
(Id*, if) G PHameo(M, u). Then H G Ho, and Lemma M implies that 
for almost any t G [0,1], the time-independent Hamiltonian h(x) = 
H(x,t) lies inside Hq. Then, for such values of t, the function H(-,t) 
is zero, by Lemma (TUl Therefore H = in L (1,oo) ([0, 1] x M). □ 

4. Local uniqueness 

In this section we present a generalization of Theorem 1.3 from [Oh-2j . 
to the L^ 1 ' 00 ) case. As an application we give an example of a continuous 
function which fails to be a generator of any continuous Hamiltonian 
flow. As another application, we give an example of a continuous flow, 
which is a C° limit of smooth Hamiltonian flows, but is not a continuous 
Hamiltonian flow. 

4.1. Local uniqueness for L*- 1 ' 00 ) Hamiltonians. The uniqueness 
result from Theorem 0] admits a generalization, which is a local ana- 
logue of it. The following result holds. 

Theorem 11. Suppose that we have H G L( 1,oo )([0, 1] x M) and a 
continuous flow $* on M , such that (<!>*, if) G PHameo(M, u). Assume 
in addition, that the flow $* equals to the identity flow on some open 
subset U C M, i.e. for any x G U and t G [0, 1] we have <3>*(x) = x. 
Then for almost all t G [0,1], the restriction H(t,-)\u is a constant 
function. 

Proof of Theorem XTK Let ^ G Hamj/(M, uS). Then we have o$'o 
\1> = $* for any t G [0, 1]. On the other hand, the Hamiltonian function 
of the flow o $* o \|> equals to ty*H, while the Hamiltonian function 
of the flow \P* equals if. We can apply the uniqueness result for the 
Hamiltonian function, corresponding to a continuous Hamiltonian flow, 
which follows from Theorem HI We conclude that H (t, \I/(x)) = H(t, x) 
in L (liOo:) ([0, 1] x M), for any \1> G Hanny(M, oj). Let us derive the re- 
sult of the theorem from this. Choose a dense countable subset of U, 
X = {xo,Xi,X2-..} C U. For every i G N pick some G Harney (M, a;) 
satisfying \&j(xo) — ^i- Then for each i G N there exists a zero- 
measurable set Si C [0,1], such that H(t,^i(x)) = H(t,x) for any 
t £ Si and x G M. In particular H(t,Xi) = H(t,Xo) f° r an Y £ ^ Si- 
Denote S = Ui^i ^i- Then 5 1 C [0, 1] is of measure 0, and moreover 
we have H(t,Xi) = H(t,Xo) for any t ^ S. Fix arbitrary t G S. The 
function H(t,-) is continuous on M, and we have H(t,x) = H(t,xo) 
for any x G X, while X C £7 is a dense subset. We conclude that 
H(t, -)\u = const for any t G S. □ 
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4.2. Local uniqueness for continuous Hamiltonian flows. 
Theorem 12. 

(1) Let H G l/ 1,oo )([0, 1] x M) be a Hamiltonian function, that 
generates a continuous Hamiltonian flow Assume that for 
almost all t G [0, 1], the restriction H(t, -)\u is a constant func- 
tion, say c(t). Then & H (x) = x for any x G U , t G [0, 1] . 

(2) Let H,K G l/ 1 ' 00 ^, 1] x M) be two Hamiltonian functions, 
that generate continuous Hamiltonian flows Assume 
that for any t G [0, 1] we have H(t,x) = K{t,x) Vx G $h(U). 
Then we have $#(x) = $^-(x) for any x G U, t G [0, 1]. 

The proof of Theorem [T2] (1) is similar to the proof of Theorem 3.1 
from [OF2] . 

Proof of Theorem UM 

(1) : We know that there exists a sequence of smooth Hamiltonians 
Hi, L( 1,0 °) converging to H whose flows & H . C° converge to For 
a given point x G U, pick a neighborhood of it V which is compactly 
contained in U, and take a smooth cut off function (3 such that support 
of j3 is contained in U and (3 = 1 on V. For any t G [0, 1], denote 

_ J M /3(x)(^(t,x)-c(t)K 

and then define new smooth normalized Hamiltonians 

Gi(t,x) = /3(x)(Hi(t,x) - c(t)) - d{t). 

Then Gi(t, x) = H^t, x) — c(t) — d(t) on V and G^ = outside U. It is 
easy to see that (Z/ 1 ' 00 )) limGj = 0. Assume for a contradiction, that 
for some t G [0, 1] we have $#(x) 7^ x. Then we can find some < 
T ^ 1 such that (x) 7^ x and moreover $#(x) G V for all £ G [0, T]. 
Therefore, since (C°)hm$| f . = there exists a small enough open 
neighborhood W of x, x G W C V, such that Pi W = and 

moreover C V for all t G [0, T], for sufficiently large z. Because 

Giit, x) = Hl(t, x) - c(t) - d(t) on all of V, we have (W) D W = as 
well, for % large enough. Then the energy-capacity inequality implies 
that ||Gj||(i,oo) is bounded below by the displacement energy of W, 
which is known to be positive. But we know that Gi Z/ 1,00 )-converges 
to 0, and this is a contradiction. 

(2) : Consider the flow This flow is generated by the 
Hamiltonian ~H#K(t,x) = -H(t,& H (x)) + K(t,& H (x)). By our as- 
sumption, this Hamiltonian is zero on U. Therefore, by (1) we obtain 
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1 o & K (x) = x i an d hence, $#(x) = <&k(x) for any x G U, 

te [0,1]. 

□ 

4.3. Example of a non-generator. We will now construct an ex- 
ample of a continuous function which does not generate a continuous 
Hamiltonian flow. Let (M, u) be a closed symplectic manifold. Con- 
sider some Darboux chart W C M, endowed with symplectic coordi- 
nates (xi, x n , y n ), and assume for simplicity that 

= (0,0,. ..,0,0) G W. 

Take any continuous function K : M — > R, such that for every point 

(xi,2/i, ...,x n ,y n ) G W, 

sufficiently close to G W, we have K(xi,yi, ...,x n ,y n ) = \xi\. Let us 
show that such a function does not generate a continuous Hamilton- 
ian flow. Assume for a contradiction, that K generates a continuous 
Hamiltonian flow $^ on M. There exists e > 0, such that we have 
(xi,2/i, ...,x n ,y n ) G W and 

...,x nj y n ) = \xi\, 

provided |xj|,|2/i| ^ e, z = 1,2, ...,n. Consider any smooth func- 
tion (f> : M — > R supported in VK, such that 0(x) = 1 for x = 
(xi,2/i, ...,x n ,y n ) G with |x;|, ^ e, % = 1,2, ...,n. 

Define ifi : M — >• R as H\{x) = Xi0(x), for x = (xi,y 1 , ...,x n ,y n ) G 
W, and as #i(x) = for x G Af \ W. Define [/j C If to be the 
set of all (xi, 2/1, x n , y n ) G W, such that < x\ < e, |yi| < |, and 
|xj|,|2/i| < e for i = 2,3, ...,n. Apply Theorem [T2l (2). to H\,K,U\ in 
the time interval [0, |] (of course, the time interval [0,1] in Theorem [T21 
can be replaced by any other time interval). We conclude that 

...,x n ,y n ) = ¥ Hi (x u y u ...,x n ,y n ) = (x 1 ,y 1 - t, ...,x n ,y n ) 

for any ^ t ^ |, for any (xi, 2/1, • x n , j/n) G H 7 , provided < X\ < e, 
|2/i| < f, \yi\ < e for i = 2,3, ...,ra. 

Now define H 2 : M -»■ R as # 2 (a;) = -#i(x), and let j7 2 C^be the 
set of all (xi, 2/1, x n , y n ) G W, such that — e < xi < 0, \yi\ < |, and 
|xj|, |2/j| < e for i = 2,3, Applying Theorem [T21 (2). to H 2 ,K,U 2 

in the time interval [0, |], in a similar way we obtain 

$K(?i,yi,...,x n ,y n ) = $^ 2 (xi,2/i, ...,x n ,y n ) = (xi,2/i + t, x n , y ft ) 

for any ^ t ^ |, for any (xi, 2/1, x n , 2/ n ) G W, provided — e < Xi < 
0, \yi\ < ~, \xi\, \yi\ < e for i = 2,3, ...,n. 
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Clearly, such flow is not continuous, and we come to a contra- 
diction. 



4.4. Example of a non-flow. In this section we construct a contin- 
uous, area preserving flow, i.e. a path in the group Homeo(M,Q), 
which is a C° limit of smooth Hamiltonian flows but not a continuous 
Hamiltonian flow. This flow fails to be a continuous Hamiltonian flow, 
because there exist no H E L^ l,co \M) generating the flow. 

The following example is similar to the one considered by Oh and 
Muller |OMj . Let (S 2 ,u) be a 2-dimensional closed surface with area 
form cu. Consider an embedding of a small disc i : (_D 2 (a), oj st d) 
(S 2 ,u), denote V = i(D 2 (a)). Take polar coordinates (r,9) on V, that 
come from D 2 (a), and we have u = rdr A d9 on V. For a smooth 
function h : (0, a) — > R, which is zero near a, define a Hamiltonian 
H : S \ 0(0)} -> S\ 0(0)} as H(r, 9) = h(r) for (r, 9) E V \ 0(0)}, 
and H(x) = for z E S \ V. 

Then H has a well defined smooth Hamiltonian flow $* : 5\{z(0)} — >■ 
5 \ {^(0)}, and we extend $* to a continuous flow on S, by setting 
$*(z(0)) = i(0). Note that we have $'(r, 9) = {r,9 + th'(r)) for (r, 6») e 
V" \ (i(0)}. Moreover, in the case when h(r) = for small r, the flow 
$' is Hamiltonian, where the (un-normalized) Hamiltonian function 
equals H on S \ 0(0)}, and equals at z(0). We say that is the 
rotation associated to h. 

Now, consider a smooth function / : (0, a) — > M, such that f{r) = — 
for r E (0,f), and also /(r) = for r 6 (f ,a). Let ^ : S ^ S 
be the rotation, associated to /. Then the flow is a C° -limit of 
smooth Hamiltonian flows. Indeed, take a sequence of smooth functions 
/„ : (0,a) -> R, such that / n (r) = for r G (0, J), / n (r) = /(r) for 
r G and for each n define ^* to be the rotation associated to 

/„. Then is the needed sequence of smooth Hamiltonian flows. 

Assume by contradiction, that the continuous flow ^ is in fact a 
continuous Hamiltonian flow. Then denote by H(t, x) its Hamiltonian 
function. Take f n , as above, and denote by H n (x) the Hamiltonian 
function of ^ l n . We obtain, that the flow {^ t n )~ l o \P* is generated by 
K n (t,x) = -Hn^nix)) + H(t, ^i(x)). Moreover, we have (^,) _1 o 
1 J r * = Id 1 on K, := {(r, 9) E V \ r > -}. Then, from Theorem 11 we 
have K n (t,x) = -if n (^(x)) +H(t, ^Jx)) = c n(t) for almost all t, for 
x E V n . Since \l/^(Ki) = V n , we get H(t,x) = H n (x) + c n (t) for almost 
all t, for i e V„, This immediately implies that for almost any fixed t, 
the function H(t, ■) is unbounded, and we come to contradiction. 
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